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This paper presents a homogenization-based theory for three-dimensional anisotropic beams. The pro-
posed beam theory uses a hierarchy of solutions to carefully-chosen beam problems that are referred
to as the fundamental states. The stress and strain distribution in the beam is expressed as a linear com-
bination of the fundamental state solutions and stress and strain residuals that capture the parts of the
solution not accounted for by the fundamental states. This decomposition plays an important role in the
homogenization process and provides a consistent method to reconstruct the stress and strain distribu-
tion in the beam in a post-processing calculation. A ﬁnite-element method is presented to calculate the
fundamental state solutions. Results are presented demonstrating that the stress and strain reconstruc-
tion achieves accuracy comparable with full three-dimensional ﬁnite element computations, away from
the ends of the beam. The computational cost of the proposed approach is three orders of magnitude less
than the computational cost of full three-dimensional calculations for the cases presented here. For iso-
tropic beams with symmetric cross-sections, the proposed theory takes the form of classical Timoshenko
beam theory with Cowper’s shear correction factor and additional load-dependent corrections. The pro-
posed approach provides an extension of Timoshenko’s beam theory that handles sections with aniso-
tropic construction.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Beam theories are developed based on a set of assumptions
used to reduce the complex behavior of a slender, three-dimen-
sional body to an equivalent one-dimensional problem. The useful-
ness of a beam theory is judged by its range of applicability, the
accuracy of its results, and the effort required for analysis. In this
paper we present a homogenization-based beam theory that takes
a form similar to classical Timoshenko beam theory (Timoshenko,
1921, 1922), but is speciﬁcally designed for composite beams. In
our approach, we calibrate the stiffness properties, shear strain
correction matrix, and load-dependent corrections within the the-
ory based on a hierarchy of solutions that we call the fundamental
states. The fundamental states are accurate sectional stress and
strain solutions to a series of carefully-chosen, statically determi-
nate beam problems. Since it is difﬁcult to obtain exact solutions
for the fundamental states for an arbitrary section, we formulate
a ﬁnite-element solution technique to obtain approximate
solutions.ll rights reserved.
G.J. Kennedy), jrram@umich.This paper is structured as follows: in Section 2 we review some
important contributions from the relevant literature. In Section 3
we outline the present theory. In Section 4 we present the ﬁnite-
element based technique for the determination of the fundamental
states. Finally, in Section 5 we present some results from the the-
ory and present comparisons with full three-dimensional approxi-
mate solutions obtained using the ﬁnite-element method.2. Review of relevant contributions
In this section we present a review of various contributions that
are most relevant to our proposed beam theory. A comprehensive
review of all beam theories is not practical here due to the volume
of literature that has been produced on the subject over several
decades.
In two inﬂuential papers, Timoshenko (1921, 1922) developed a
beam theory for isotropic beams based on a plane stress assump-
tion. Timoshenko’s theory takes into account shear deformation
and includes both displacement and rotation variables. In addition,
Timoshenko introduced a shear correction factor that modiﬁes the
relationship between the shear resultant and the shear strain at the
mid-surface. The deﬁnition and value of the shear correction factor
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below.
Later, Prescott (1942) derived the equations of vibration for
thin rods using average through-thickness displacement and
rotation variables. Like Timoshenko, Prescott introduced a shear
correction factor to account for the difference between the
average shear on a cross-section and the expected quadratic
distribution of shear.
Cowper (1966), independently from Prescott, developed a rein-
terpretation of Timoshenko beam theory based on average
through-thickness displacements and rotations. Using these vari-
ables and integrating the equilibrium equations through the thick-
ness, Cowper developed an expression for the shear correction
factor, which he evaluated using the exact solution to a shear-
loaded cantilever beam excluding end effects. Cowper obtained
values for the shear coefﬁcient for beams with various cross-sec-
tions, but his approach was limited to symmetric sections loaded
in the plane of symmetry. Mason and Herrmann (1968) later ex-
tended the work of Cowper to include isotropic beams with an
arbitrary cross-section.
Stephen and Levinson (1979) developed a beam theory along
the lines of Cowper’s, but recognized that the variation in shear
along the length of the beam would lead to a modiﬁcation of the
relationship between bending moment and rotation. Therefore,
they introduced a new correction factor to account for this varia-
tion, and obtained its value based on solutions to a cantilever beam
subject to a constant body force given by Love (1920).
More recently, Hutchinson (2001) introduced a new Timo-
shenko beam formulation and computed the shear correction fac-
tor for various cross-sections based on a comparison with a tip-
loaded cantilever beam. For a beam with a rectangular cross-sec-
tion, Hutchinson obtained a shear correction factor that depends
on the Poisson ratio and the width to depth ratio. In a later discus-
sion of this paper, Stephen (2001) showed that the shear correction
factors he had obtained in earlier work (Stephen, 1980) were
equivalent to Hutchinson.
Various authors have developed analysis techniques speciﬁcally
for composite beams. Capturing shear deformation effects is, in
general, more important for a composite beam than for a geomet-
rically equivalent isotropic beam, due to the signiﬁcantly lower ra-
tio of the shear to extension modulus exhibited by composite
materials. As a result, Timoshenko-type beam theories are often
used to model composite beams. This type of approach is pre-
sented by many authors, such as Librescu and Song (2006) or Car-
rera et al. (2010b). Other authors have developed extensions to
Cowper’s approach. Dharmarajan and McCutchen (1973) extended
Cowper’s work to orthotropic beams, obtaining results for circular
and rectangular cross-sections. Later, Bank (1987) and Bank and
Melehan (1989) used Cowper’s approach to develop expressions
for the shear correction for thin-walled open and closed section
orthotropic beams.
Numerous authors have developed reﬁned beam and plate the-
ories that are designed to better represent the through-thickness
stress distribution behavior for both isotropic and composite plates
and beams. For instance, Lo et al. (1977a,b) developed a higher-or-
der plate theory for isotropic and laminated plates using a cubic
through-thickness distribution of the in-plane displacements and
quadratic out-of-plane displacements. Reddy (1987) developed a
high-order plate theory for laminated plates based on a cubic
through-thickness distribution of the in-plane displacements and
obtained the equilibrium equations using the principle of virtual
work. More recently, Carrera and Giunta (2010) developed a re-
ﬁned beam theory based on a hierarchical expansion of the
through-section displacement distribution. This theory, which is
presented within a uniﬁed framework, is more accurate than clas-
sical approaches (Carrera and Petrolo, 2011) and can be used forarbitrary sections composed of anisotropic materials. A ﬁnite-ele-
ment approach using this reﬁned beam theory has also been devel-
oped for both static (Carrera et al., 2010a) and free-vibration
analysis (Carrera et al., 2011).
Although these higher-order theories are more accurate than
classical Timoshenko beam theory, one drawback is their addi-
tional analytic and computational complexity. Furthermore, for
laminated plates and beams, these theories predict a continuous
through-thickness shear strain and discontinuous shear stress,
whereas the expected distribution is discontinuous shear strain
and continuous shear stress. Zig-zag theories address these
through-thickness compatibility issues by employing a C0, layer-
wise continuous displacement. These types of theories were ﬁrst
developed by Lekhnitskii (1935). An extensive historical review
of these theories was performed by Carrera (2003).
Many authors have used three-dimensional elasticity solutions
as a way to improve the modeling capabilities of beam theories.
Following the variational framework of Berdichevskii (1979), Ces-
nik and Hodges (1997) and Yu et al. (2002a) developed a varia-
tional asymptotic beam sectional analysis approach for the
analysis of nonlinear orthotropic and anisotropic beams. In their
approach, cross-sectional solutions containing all stress and strain
components are used to calibrate the stiffness properties and
reconstruct the stress distribution for a Timoshenko-like beam.
The stiffness properties are recovered using an asymptotic expan-
sion of the strain energy. Popescu and Hodges (2000) used this ap-
proach to examine the stiffness properties of anisotropic beams,
focusing in particular on the shear correction factor. Yu et al.
(2002b) validated the approach of Cesnik and Hodges (1997) and
Yu et al. (2002a) using full three-dimensional ﬁnite-element
analysis.
Ladevéze and Simmonds (1998) and Ladevéze et al. (2002) pre-
sented an ‘‘exact’’ beam theory that uses three-dimensional Saint-
Venant and Almansi–Michell solutions for the calibration of the
stiffness properties of the beam and stress reconstruction. Using
the framework set out by Ladevéze and Simmonds (1998) and
Ladevéze et al. (2002), El Fatmi and Zenzri (2002) and El Fatmi
and Zenzri (2004) developed a method for determining the Saint-
Venant and Almansi–Michell solutions required by the ‘‘exact’’
beam theory using a computation only over the cross-section of
the beam. El Fatmi (2007a,b) developed a beam theory based on
non-uniform warping of the cross-section, using the framework
of Ladevéze and Simmonds (1998). Their theory incorporated the
Saint–Venant and Almansi-Michell solutions obtained by El Fatmi
and Zenzri (2002, 2004).
Dong et al. (2001), using the techniques presented by Iesan
(1986a,b), developed a technique to solve the Saint-Venant
problem for a general anisotropic beam of arbitrary construction.
Kosmatka et al. (2001) determined the sectional properties, includ-
ing the stiffness and shear center location, based on the ﬁnite-ele-
ment technique of Dong et al. (2001).
Other authors have also used full three-dimensional solutions
within the context of a beam theory. Gruttmann and Wagner
(2001), following the work of Mason and Herrmann (1968), per-
formed a ﬁnite-element-based analysis of isotropic beams with
arbitrary cross-sections. Dong et al. (2010) used a semi-analytical
ﬁnite-element formulation to compare shear correction factors
for general isotropic sections computed using the methods of Cow-
per (1966), Hutchinson (2001), Schramm et al. (1994) and Popescu
and Hodges (2000).
In this paper we extend our earlier work (Kennedy et al., 2011),
which focused on layered orthotropic beams limited by a plane
stress assumption. Here we examine three-dimensional, aniso-
tropic beams. This is not a straightforward extension of our earlier
work (Kennedy et al., 2011), as the coupling between shear and
torsion adds an additional level of complexity.
Fig. 1. Geometry and reference coordinates for the beam composed of arbitrarily
oriented composite layers.
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damental states. The fundamental states are obtained from solu-
tions to certain statically determinate beam problems. We use
the fundamental state solutions to construct a relationship be-
tween stress and strain moments, and to reconstruct the stress
and strain solution in a post-processing step. The fundamental
states are the axially invariant components of the Saint-Venant
and Almansi–Michell solutions. The key components of our theory
include:
 The use of normalized displacement moments as a representa-
tion of the displacement in the beam, as used by Prescott (1942)
and Cowper (1966).
 The use of strain moments as a representation of the strain state
in the beam, as presented in (Kennedy et al., 2011) for plane
stress problems.
 The homogenization of the relationship between stress and
strain moments as used by Guiamatsia (2010) for plates.
 The representation of the full stress and strain ﬁeld by an
expansion of the solution using the fundamental state solutions.
 The strain moment correction matrix that corrects the strain
predicted from the displacement moments.
 The use of load-dependent strain and stress moment correc-
tions that modify the relationship between stress and strain
moments in the presence of externally applied loads, as derived
for plane stress problems by Kennedy et al. (2011).
Hansen and Almeida (2001) and Hansen et al. (2005) developed
a theory with these same ideas for laminated and sandwich beams,
using a plane stress assumption. An extension of this theory to the
analysis of plates was presented by Guiamatsia and Hansen (2004)
and Guiamatsia (2010).
These features of the present theory allow us to address several
issues commonly encountered in conventional beam theories. The
proposed theory contains a self-consistent method to obtain the
equivalent stiffness of the beam and any correction factors re-
quired. In addition, all results from the theory, including the pre-
dicted strain moments, can easily be compared with three-
dimensional results. This is due to the fact that all components of
the theory rely on an averaging process that is well-deﬁned for a
beam of any construction, which is not always the case with con-
ventional beam theories. These properties, in addition to the rela-
tively inexpensive cost of analysis, make the proposed theory a
powerful technique for analysis and design.
3. The homogenization-based beam theory
Wepresent the theoretical development of the homogenization-
based beam theory in this section.We start with a description of the
geometry of the beam under consideration. Next, we develop a
kinematic description of the beam using averaged displacement
and rotation-type variables, based on the work of Prescott (1942)
and Cowper (1966). We then introduce the fundamental states
and use the properties of these solutions to develop expressions
for the homogenized stiffness, stress and strain moment correction
matrices, and load-dependent corrections. We conclude with a dis-
cussion of the beneﬁts of the present approach.
The geometry of the beam under consideration is illustrated in
Fig. 1. The beam is aligned with the x-axis and the geometry and
construction of the cross-section do not vary along the length of
the beam. In this paper, we are primarily interested in layered
composite beams with arbitrarily oriented plies. This type of beam
construction results in an anisotropic constitutive relationship that
exhibits coupling amongst all stress and strain components. The
constitutive equation is expressed asrðx; y; zÞ ¼ Cðy; zÞðx; y; zÞ; ð1Þ
where r(x,y,z) and (x,y,z) are the full states of stress and strain,
and C(y,z) is the constitutive relationship.
The beam of length L is subject to distributed surface tractions
applied in the plane perpendicular to the x-axis and is subject to
axial forces, bending moments, shear forces and torques at its ends.
Shearing tractions applied on the surface of the beam in the x
direction are excluded from consideration.
The reference axis is located at the geometric centroid of the
section and the coordinate axes are aligned with the principal axes
of the section. As a result, the moments of area are deﬁned as
follows:
A ¼ RX dX;
Iz ¼
R
X z
2dX;
Iy ¼
R
X y
2dX;R
X ydX ¼
R
X zdX ¼
R
X yzdX ¼ 0:
The restriction to principal coordinate axes simpliﬁes many of the
expressions that are required below.
3.1. The displacement representation
Following the work of Prescott (1942) and Cowper (1966), the
exact displacement ﬁeld can be expressed in terms of an average
representation of the displacement ﬁeld and residual displace-
ments. The residual displacements capture the part of the displace-
ment ﬁeld that deviates from the average representation. This
decomposition of the displacement ﬁeld is expressed as
uðx; y; zÞ ¼
uðx; y; zÞ
vðx; y; zÞ
wðx; y; zÞ
264
375 ¼ u0ðxÞ þ zuzðxÞ þ yuyðxÞ þ ~uðx; y; zÞv0ðxÞ  zhðxÞ þ ~vðx; y; zÞ
w0ðxÞ þ yhðxÞ þ ~wðx; y; zÞ
264
375;
ð2Þ
where u(x,y,z), and ~uðx; y; zÞ ¼ ½ ~u ~v ~w T are the displacements
and residual displacements, respectively. The x-component of the
residual displacement ~u(x,y,z) represents the warping of the section
in the axial direction. For convenience, we collect the variables, u0,
v0, h, uz and uy in a vector u0(x), deﬁned as follows:
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¼
Z
X
½ uA vA wA ðywzvÞIyþIz zuIz
yu
Iy
TdX ¼ L0uðx; y; zÞ: ð3Þ
Here, u0, v0, and w0 are average displacements in the x, y and z
directions. The terms uz, uy and h are normalized ﬁrst-order dis-
placement moments about the z, y and x directions, respectively.
Note that uz, uy and h represent rotation-type variables, but are
not equal to the average rotations of the section. We refer to the
vector of variables u0(x) as the normalized displacement moments,
since these variables represent zeroth and ﬁrst-order normalized
moments of the displacement ﬁeld u(x,y,z). In Eq. (3), we have also
introduced an operator L0 that takes the full three-dimensional dis-
placement ﬁeld, u(x,y,z), and returns the normalized moments of
displacement. Note that the action of this operator removes the
y  z dependence of the displacement ﬁeld.
At this point it should be emphasized that the displacement
ﬁeld decomposition (2) ensures that the normalized displacement
moments of the residual displacement ﬁeld are identically zero,
i.e.,
L0~uðx; y; zÞ ¼ 0:
This property of the residual displacement ﬁeld will be required la-
ter to simplify expressions for the strain moments.
The strain produced by the displacements (2) is:
ðx; y; zÞ ¼
x
y
z
cyz
cxz
cxy
2666666664
3777777775
¼
u0;x þ yuy;x þ zuz;z þ ~u;x
~v ;y
~w;z
~v ;z þ ~w;y
uz þw0;x þ yh;x þ ~u;z þ ~w;x
uy þ v0;x  zh;x þ ~u;y þ ~v ;x
2666666664
3777777775
; ð4Þ
where the comma convention has been used to denote differentia-
tion. Note that the exact pointwise strain distribution requires
knowledge of the residual displacements ~uðx; y; zÞ.
Instead of using the pointwise strain directly in our theory, we
choose to use moments of the strain distribution. This choice has
the advantage that the strain moments are deﬁned regardless of
the through-thickness behavior of the pointwise strain, even when
certain pointwise strain components are discontinuous at material
interfaces. It is important to recognize that these interfaces are al-
ways parallel to the x direction. As a result, differentiation with re-
spect to x can commute with integration across the section in the
regular manner.
The strain moments are deﬁned as follows:
eðxÞ ¼ ½ ex jz jy et exz exy T
¼
Z
X
½ x zx yx ðycxz  zcxyÞ cxz cxy TdX ¼ Lsðx; y; zÞ:
ð5Þ
Here we have introduced another operator Ls that takes the full
strain ﬁeld (x,y,z) and returns the moments of strain e(x).
The next step in the development of the theory is to express the
strain moments in terms of the displacement representation (2).
Using the strain–displacement relationships (4), the deﬁnitions of
the displacement moments (3), and the moments of area, the strain
moments can be written as follows:
eðxÞ ¼
Au0;x
Izuz;x
Iyuy;x
ðIy þ IzÞh;x
Aðuz þw0;xÞ
Aðuy þ v0;xÞ
2666666664
3777777775
þ ~eðxÞ ¼ ALu0ðxÞ þ ~eðxÞ; ð6Þwhere ~eðxÞ are the moments of the strain produced by the residual
displacement. Here A is a diagonal matrix given by
A ¼ diagfA; Iz; Iy; ðIy þ IzÞ;A;Ag:
The operator L takes the vector of average displacements and nor-
malized displacement moments u0(x), such that ALu0 produces the
ﬁrst term on the right hand side of Eq. (6). Note that action of the
operator L on the normalized displacements, Lu0ðxÞ, produces
terms that are identical in form to the center-line strain used in
classical Timoshenko beam theory. However, the variables u0(x)
are interpreted here as normalized displacement moments taken
from Eq. (3), not as center-line displacements and rotations.
The term ~eðxÞ in the strain moment expression (6), is a function
of the axial residual displacement ~u(x,y,z) and is deﬁned as
follows:
~eðxÞ ¼
Z
X
~u;x
z~u;x
y~u;x
yð~u;z þ ~w;xÞ  zð~u;y þ ~v ;xÞ
~u;z þ ~w;x
~u;y þ ~v ;x
2666666664
3777777775
dX
¼
Z
X
0
0
0
y~u;z  z~u;y
~u;z
~u;y
2666666664
3777777775
dX ¼ eL~uðx; y; zÞ; ð7Þ
where the relationship L0~u ¼ 0 is used to simplify the expression on
the right-hand side of the above equation. We have also introduced
a linear operator eL that takes the residual axial displacement
~u(x,y,z) and returns the moments ~eðxÞ.
The strain moments corresponding to torsion et and shear exz
and exy involve terms from both the normalized displacement mo-
ments and the residual axial displacement, ~u(x,y,z). These extra
terms cannot be evaluated unless ~u(x,y,z) is known. Our approach
is to account for the effect of the residual displacements while
formulating the theory in terms of the average displacement
variables, u0(x). The details of this approach are outlined in the
following sections.
3.2. The equilibrium equations
The equilibrium equations are formulated based on the classical
approach of integrating moments of the three-dimensional equi-
librium equations over the cross-section of the beam. The axial,
bending, torsion and shear resultants are deﬁned as follows,
sðxÞ ¼ ½N Mz My T Qz Qy T
¼
Z
X
½rx zrx yrx ðyrxz  zrxyÞ rxz rxy TdX ¼ Lsrðx; y; zÞ:
ð8Þ
Here, Ls is the same operator that was introduced for the strain
moments (5). We refer to the variables s(x) as the stress resultants
(also known as stress moments). Integrating moments of the three-
dimensional equilibrium equations over the section results in the
following equilibrium equations:
N;x
My;x  Qz
Mz;x  Qy
T ;x
Qy;x
Qz;x
2666666664
3777777775
þ
0
0
0
Px
Py
Pz
2666666664
3777777775
¼ 0: ð9Þ
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PxðxÞ ¼
R
S ytz  ztydS;
PyðxÞ ¼
R
S tydS;
PzðxÞ ¼
R
S tzdS;
ð10Þ
where ty and tz are the y and z components of the surface traction.
The integrals above are carried out over the boundary of the cross-
section S.
3.3. The fundamental states
In this section we present a decomposition of the stress and
strain distribution within the beam. This stress and strain decom-
position is based on a linear combination of axially-invariant stress
and strain solutions that we call the fundamental states. The use of
the fundamental states leads to a consistent method for deriving
the constitutive relationship between the stress resultants and
the strain moments. Furthermore, the fundamental states can be
used to reconstruct the approximate stress and strain distribution
in the beam in a post-processing step. Our representation of the
solution is similar to the stress representation presented by
Ladevéze and Simmonds (1998) and used by El Fatmi (2007a,b),
however, unlike these authors, we also use an analogous represen-
tation of the strain solution that is later used to construct the
homogenized stiffness relationship. In this section we describe
the properties of the fundamental states and how they are used
in the present theory.
The fundamental states are the axially-invariant, or x-indepen-
dent, stress and strain solutions. These solutions are obtained from
specially-chosen, statically determinate beam problems. The load-
ing conditions leading to the fundamental states are shown in
Fig. 2. These beam problems are sometimes referred to as theFig. 2. An illustration of the primary fundamental states and the distribution of the stresSaint-Venant problem (Iesan, 1986a), for axial, bending, torsion,
and shear loads, and the Almansi–Michell problem (Iesan,
1986b), for a beam subject to a distributed surface load. The beam
used to calculate the fundamental states has the same cross-sec-
tion and construction as the beam under consideration, but must
be long enough that the end effects do not alter the solution at
the mid-plane of the beam. The fundamental states are extracted
from these solutions by taking the distribution of stress and strain
at the mid-plane of the beam. As a result, the fundamental state
stress and strain distributions are solutions in the y  z and have
no x-dependence.
We distinguish between two types of fundamental state solu-
tions: primary fundamental states, which we label rðkÞF ðy; zÞ and
ðkÞF ðy; zÞ, and load-dependent fundamental states, which we label
rðkÞLF ðy; zÞ and ðkÞLF ðy; zÞ. The six primary fundamental states corre-
spond to axial resultant, bending moments about the y and z axes,
torsion, and shear in the z and y directions, respectively. The load-
dependent fundamental states are associated with loads applied to
the beam. The fundamental states are used here to form an approx-
imation of the stress and strain ﬁeld within the beam. To complete
the stress and strain representation, we also introduce stress and
strain residuals, ~rðx; y; zÞ and ~ðx; y; zÞ, that account for the discrep-
ancy between the approximate stress and strain representation
and the exact distribution.
Using these deﬁnitions, the stress and strain in the beam may
be expressed as follows:rðx; y; zÞ ¼
X6
k¼1
skðxÞrðkÞF ðy; zÞ þ
XN
k¼1
PkðxÞrðkÞFL ðy; zÞ þ ~rðx; y; zÞ; ð11aÞ
ðx; y; zÞ ¼
X6
k¼1
skðxÞðkÞF ðy; zÞ þ
XN
k¼1
PkðxÞðkÞFL ðy; zÞ þ ~ðx; y; zÞ: ð11bÞs resultants. Forces are denoted by a single arrow and moments by a double arrow.
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components of the vector s(x) and represent axial force, bending
moments, torsion, and shear resultants. Individual components of
s(x) are written as sk(x). The magnitudes of the load-dependent
fundamental states Pk(x) are known from the loading conditions.
The fundamental state magnitudes link the stress and strain
distribution.
For consistency between the stress resultants and the stress dis-
tribution, the primary fundamental states must satisfy the
relationship,
LsrðkÞF ðy; zÞ ¼ ik; k ¼ 1; . . . ;6; ð12Þ
where ik is the kth Cartesian basis vector. This relationship ensures
that the stress resultants of the stress distribution (11a) are equal to
sk(x). Furthermore, the load-dependent fundamental states must
satisfy
LsrðkÞFL ðy; zÞ ¼ 0; k ¼ 1; . . . ;N: ð13Þ
The load-dependent fundamental states do not contribute to the
stress resultants. In addition, the stress moments of the stress resid-
uals must be zero, i.e.,
Ls~rðx; y; zÞ ¼ 0:
An important beneﬁt of the stress and strain distributions (11)
is that they can capture all components of stress and strain. Typi-
cally, beam theories retain only a few components of the stress
and strain and assume that the remaining components are negligi-
ble. These neglected components can sometimes be determined
using a post-processing integration of the equilibrium equations
through the thickness. For composite materials, however, it can
be important to retain all components of stress and strain, since
singularities can arise at ply interfaces and both strength and stiff-
ness vary signiﬁcantly between material directions (Pagano and
Pipes, 1971).
3.4. The constitutive relationship
With these deﬁnitions, we are now prepared to derive the rela-
tionship between the stress resultants and the strain moments. To
do so, we examine the moments of the strain ﬁeld (11b). Using the
moment operator Ls, the strain moments of Eq. (11b) become,
eðxÞ ¼
X6
k¼1
skðxÞLsðkÞF ðy; zÞ þ
XN
k¼1
PkðxÞLsðkÞFL ðy; zÞ þ Ls~ðx; y; zÞ:
ð14Þ
Note that the strain moments have contributions from all funda-
mental states and the strain residuals.
Next, we introduce a square ﬂexibility matrix E whose kth col-
umn contains the strain moments from the kth primary fundamen-
tal state. The components of the matrix E are:
Ek ¼ LsðkÞðy; zÞ; k ¼ 1; . . . ;6; ð15Þ
where E⁄k is the kth column of the matrix E. Note that the matrix E
is constant for a given beam construction and is independent of x.
The contributions to the strain moments from the primary fun-
damental states are the product of the matrix E and the primary
fundamental state magnitudes s(x). Rearranging the strain mo-
ment relationship (14) and using the ﬂexibility matrix E yields
EsðxÞ ¼ eðxÞ 
XN
k¼1
PkðxÞLsðkÞFL ðy; zÞ  Ls~ðx; y; zÞ: ð16Þ
The stiffness form of the constitutive relationship can be found by
inverting the matrix of strain moments D = E1, to obtain
sðxÞ ¼ D eðxÞ 
XN
k¼1
PkðxÞLsðkÞFL ðy; zÞ  Ls~ðx; y; zÞ
 !
: ð17ÞFor a section composed of a single isotropic material the relation-
ship between stress and strain moments simpliﬁes to
D ¼ diagfE; E; E;G;G;Gg:
Eq. (17) is exact in the sense that the stress moments can be
determined exactly if the strain moments, load-dependent strain
moments and strain residuals ~ðx; y; zÞ are known. Unfortunately,
evaluating the strain residuals ~ðx; y; zÞ requires a full three-dimen-
sional solution of the equations of elasticity.
At this point, an assumption must be made about the contribu-
tion to the strain moments from the term Ls~. Since three-dimen-
sional solutions are typically not available, we assume that the
contribution from term Ls~ is small and can thus be neglected. This
assumption introduces an error in the predicted strain moments,
and as a result, also introduces an error in the predicted stress
resultants. Typically, the magnitude of Ls~ is highest near the ends
of the beam where the solution must adjust to satisfy the end con-
ditions. In situations where these disturbed regions require precise
modeling, a beam theory is not appropriate. However, at a sufﬁ-
cient distance from the ends of the beam, the strain representation
(11b) is accurate and thus Ls~ should be small.
3.5. The stress and strain moment corrections
Next, we seek a relationship between strain moments and the
normalized displacement moments. We initially limit the analysis
to conditions where no external loads are applied to the beam.
Starting from the stiffness form of the constitutive Eq. (17), and
assuming that the strain residual moments are negligible
Ls~ ¼ 0, the stress moments may be expressed in terms of the nor-
malized displacement moments u0(x) and the moments of the
warping strain ~eðxÞ using Eq. (6),
sðxÞ ¼ DðALu0ðxÞ þ ~eðxÞÞ: ð18Þ
To proceed, an expression for ~eðxÞ must be obtained. Following
the arguments presented by Cowper (1966), we argue that this
term should be linearly dependent on the magnitudes of the pri-
mary fundamental states in regions sufﬁciently far removed from
end effects or rapidly varying loads. We write this dependence as
~eðxÞ ¼ eEsðxÞ þ ~er ; ð19Þ
where eE is a ﬂexibility matrix deﬁned below. Here ~er , is a warping
residual term that accounts for the deviation of the warping mo-
ment in disturbed regions of the beam. We refer to ~er as the strain
correction error.
Using the operator eL from Eq. (7), the matrix ~E can be written aseEk ¼ eL~uðkÞF ðy; zÞ; k ¼ 1; . . . ;6; ð20Þ
where ~uðkÞF ðy; zÞ is determined from the residual displacement of the
kth primary fundamental state. Note that due to the nature of the
operator eL, the matrix eE only has entries in the last three rows.
All other entries in eE are zero.
An expression for the stress resultants in terms of the normal-
ized displacement moments can be obtained by using the simpli-
ﬁed form of the constitutive relationship (18), and the moments
of the strain due to warping (19), yielding
sðxÞ ¼ ðE  eEÞ1ALu0ðxÞ þ ðE  eEÞ1~er : ð21Þ
In the remainder of this section we assume that the strain correc-
tion error is negligible, i.e., ~er ¼ 0.
In order to isolate the effect of the terms eE we deﬁne the strain
moment correction matrix as follows:
Cs ¼ ðI  eEDÞ1; ð22Þ
such that Eq. (21), with ~er ¼ 0, simpliﬁes to
sðxÞ ¼ DCsALu0ðxÞ:
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to the strain moments predicted from the average displacements
that accounts for ~eðxÞ. Note that the strainmoment correctionmatrix
Cs has a speciﬁc structure. The ﬁrst three rows of Cs are always equal
to the identity matrix, while the last three rows may contain non-
zeros in any location due to the deﬁnition of the matrix eE.
We also deﬁne a stress moment correction matrix as follows:
K s ¼ ðI  DeEÞ1; ð23Þ
such that Eq. (21), with ~er ¼ 0, simpliﬁes to
sðxÞ ¼ KsDALu0ðxÞ:
The stress moment correction matrix (23) provides a correction to
the stress moments that accounts for ~eðxÞ. In general, the stress mo-
ment correction matrix Ks is fully populated.
In the case of a doubly symmetric, isotropic section, the stress
and strain corrections matrices are diagonal and equal. In this case,
Cs and Ks take the form
K s ¼ Cs ¼ diagf1;1;1; kt ; kxz; kxyg;
where kt = J/(Iy + Iz) is the strain correction associated with torsion,
and J is the torsional rigidity of the section. The shear strain correc-
tion factors kxz and kxy are identical to those obtained by Cowper
(1966) and Mason and Herrmann (1968),
kxz ¼ 2ð1þ mÞIzm
2 ðIy  IzÞ  AIz
R
X z
2y2 þ zvzdX
kxy ¼ 2ð1þ mÞIym
2 ðIz  IyÞ  AIy
R
X z
2y2 þ yvydX
where vz and vy are classical Saint-Venant ﬂexure functions (Love,
1920).
3.6. The load-dependent corrections
The constitutive relationship (21) derived above explicitly ex-
cluded the effect of externally applied loads. At this point, we de-
rive load-dependent corrections that account for the effect of
external loads. We start from the ﬂexibility form of the constitutive
Eq. (16), and neglect the moments of the strain residuals, assuming
Ls~ ¼ 0. These assumptions result in the following expression for
the strain moments:
eðxÞ ¼ EsðxÞ þ
XN
k¼1
PkðxÞLsðkÞFL ðy; zÞ: ð24Þ
The next step is to obtain an expression for the strain moments
e(x) as a function of the normalized displacement moments u0(x).
The externally applied loads produce additional moments of the
warping strain. In an analogous manner to the primary fundamen-
tal state contributions, we assume that these moments of the
warping strain are predicted by the load-dependent fundamental
states and are proportional to the applied load. These assumptions
result in the following expression:
eðxÞ ¼ ALu0ðxÞ þ eEsðxÞ þXN
k¼1
PkðxÞeL~uðkÞFL ðy; zÞ þ ~er: ð25Þ
Here, ~uðkÞFL ðy; zÞ denotes the warping function associated with the kth
load-dependent fundamental state and ~er , is the strain correction
error.
Again, assuming that ~er ¼ 0, the ﬂexibility form of the constitu-
tive Eq. (24) and the strain moment expression (25) can now be
combined into a constitutive relationship that takes the following
form:
sðxÞ ¼ ðE  eEÞ1ALu0ðxÞ þXN
k¼1
PkðxÞsðkÞFL ; ð26Þwhere the load-dependent stress moment corrections sðkÞFL are
deﬁned as
sðkÞFL ¼ ðE  eEÞ1 eL~uðkÞFL ðy; zÞ  LsðkÞFL ðy; zÞ : ð27Þ
In a similar fashion, it can be shown that the strain moments
take the modiﬁed form
eðxÞ ¼ CsALu0 þ
XN
k¼1
PkðxÞeðkÞFL ; ð28Þ
where the load-dependent strain moment corrections eðkÞFL are de-
ﬁned as
eðkÞFL ¼ Cs eL~uðkÞFL ðy; zÞ  LsðkÞFL ðy; zÞ þ LsðkÞFL ðy; zÞ: ð29Þ
The load-dependent stress moment corrections (27) and the
load-dependent strain moment corrections (29) take into account
the change in the relationship between the stress and strain mo-
ments and the normalized displacement moments as a result of
externally applied loads. The externally applied loads do not di-
rectly produce stress moments; rather, these loads produce strain
moments that must be taken into account in the constitutive rela-
tionship (26). The main assumptions required for the derivation of
the constitutive expression are that the moments of the strain
residuals, Ls~, and the strain moment correction, ~er , can be ne-
glected. These assumptions are examined below in the numerical
results section.
3.7. The asymmetry of the constitutive relationship
In general, the homogenized stiffness matrix D, and the matrix
product DCsA are not symmetric. This is not a classical result and
deserves attention. Linear constitutive relationships between
pointwise stress and pointwise strain expressed in the form of
Eq. (1) are symmetric due to the existence of the strain energy den-
sity. However, the homogenized stiffness matrix D that relates the
stress resultants to the strain moments cannot be derived from a
strain energy density, since D relates integrated quantities. The
integral of the pointwise strain energy density across the section
cannot be related directly to the product of the integrals of stress
and strain. As a result, D is not guaranteed to be symmetric. The
matrix product DCsA that relates the normalized displacement mo-
ments to the stress resultants is not symmetric for the same rea-
son. Within the context of a ﬁnite-element implementation of
the present beam theory, care must be taken to ensure that sym-
metry of the constitutive relationship is not assumed.
4. A ﬁnite-element method for the determination of the
fundamental states
The fundamental states play an important role within the beam
theory presented in the previous section. In principle, full three-
dimensional solutions for each of the fundamental states are re-
quired before any analysis can be performed. It is possible to obtain
some exact solutions to the fundamental states, as shown in Ken-
nedy et al. (2011). However, we anticipate that it is only possible to
obtain these exact solutions for a small set of geometries and beam
constructions of interest. In order to solve more general problems,
we have develop a ﬁnite-element method for the determination of
the fundamental states for cross-sections of arbitrary geometry
and construction.
It is possible to use conventional three-dimensional ﬁnite-
elements to obtain the fundamental state solutions; however, this
approach is computationally expensive due to the large, three-
dimensional mesh requirements. Instead, we develop a technique
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eliminating the need to discretize the axial direction. This ap-
proach is possible due to the fact that the fundamental states are
far-ﬁeld solutions.
In developing the following ﬁnite-element method, we follow
the work of Pipes and Pagano (1970), who used a semi-inverse ap-
proach to obtain the stress and strain distributions in a long beam
subject to an axial load. We modify the form of the assumed dis-
placement ﬁeld proposed by Pipes and Pagano (1970), but retain
the terms that account for the effects of axial force, bending, shear,
and torsion. El Fatmi and Zenzri (2002) developed a similar tech-
nique to obtain the Saint-Venant and Almansi–Michell solutions
based on the work of Ladevéze and Simmonds (1998). Dong et al.
(2001) developed a ﬁnite-element solution technique for the
Saint-Venant problem based on the work of Iesan (1986a).
In the following section, all variables refer to a single funda-
mental state calculation. Relationships with the beam theory are
described explicitly in Section 4.2. In this ﬁnite-element approach,
we develop a displacement-based solution to the three-dimen-
sional equations of elasticity based on the following expansion of
the displacement ﬁeld in the axial direction:
uðx; y; zÞ ¼ PM
k¼1
xk
k! c
ðkÞ
1 þ cðkÞ2 zþ cðkÞ3 y
 
þ xk1ðk1Þ!UðkÞðy; zÞ
n o
;
vðx; y; zÞ ¼ PM
k¼1
xk
k! c
ðkÞ
6  cðkÞ4 z cðkÞ3 xkþ1
 
þ xk1ðk1Þ!V ðkÞðy; zÞ
n o
;
wðx; y; zÞ ¼ PM
k¼1
xk
k! c
ðkÞ
5 þ cðkÞ4 y cðkÞ2 xkþ1
 
þ xk1ðk1Þ!W ðkÞðy; zÞ
n o
;
ð30Þ
where the displacements U(k)(y,z), V(k)(y,z) andW(k)(y,z) are written
as UðkÞ ¼ ½UðkÞ V ðkÞ W ðkÞ T , and are only functions of y and z. The
terms cðkÞ1 through c
ðkÞ
6 are constant across the section, and we refer
to these as the invariants. It is convenient to collect cðkÞ1 through c
ðkÞ
6
into a vector denoted cðkÞ ¼ ½ cðkÞ1    cðkÞ6 
T . The number of terms
M, retained in the expansion is discussed in more detail below.
Pipes and Pagano (1970) used a similar form of Eq. (30) with
M = 1 to determine the stresses in the vicinity of the free edge of
a laminated composite beam subjected to an axial force. As we
demonstrate below, the displacement ﬁeld above can also be used
to predict the stress and strain ﬁelds due to bending, torsion, shear,
and applied loads.
WhenM > 1, the representation of the displacement ﬁeld (30) is
not unique. The invariants cðkÞ1 through c
ðkÞ
6 deﬁne displacements
that can be represented by U(k+1), V(k+1) and W(k+1). Furthermore,
displacement boundary conditions must be imposed on the dis-
placement ﬁeld (30) to remove rigid body translation and rotation
modes. In order to handle both of these issues, we impose the
constraint
L0UðkÞðy; zÞ ¼ 0; k ¼ 1; . . . ;M; ð31Þ
where L0 is the operator deﬁned in (3). This constraint removes the
rigid body translation and rotation modes for k = 1, and ensures that
the displacements are uniquely deﬁned for k > 1. A different method
for imposing the boundary conditions could be applied, but we have
found that Eq. (31) simpliﬁes later results in relation to the beam
theory.
The strain produced by the displacement ﬁeld (30) is most
clearly expressed in the form,
ðx; y; zÞ ¼
XM
k¼1
xk1
ðk 1Þ!
ðkÞðy; zÞ; ð32Þ
where (k)(y,z) is a strain distribution in the y  z plane. In Eq. (32),
the coefﬁcient (k) is given by,ðkÞðy; zÞ ¼
ðkÞx
ðkÞy
ðkÞz
cðkÞyz
cðkÞxz
cðkÞxy
266666666664
377777777775
¼
cðkÞ1 þ cðkÞ2 zþ cðkÞ3 yþ Uðkþ1Þ
V ðkÞ;y
W ðkÞ;z
V ðkÞ;z þW ðkÞ;y
cðkÞ5 þ cðkÞ4 yþ UðkÞ;z þW ðkþ1Þ
cðkÞ6  cðkÞ4 zþ UðkÞ;y þ V ðkþ1Þ
2666666666664
3777777777775
; k ¼ 1; . . . ;M;
ð33Þ
with U(M+1) = V(M+1) =W(M+1) = 0.
From the expression for the strain (32), it is clear that the stres-
ses in the beam take the form
rðx; y; zÞ ¼
XM
k¼1
xk1
ðk 1Þ!r
ðkÞðy; zÞ: ð34Þ
Using this polynomial expansion for the stresses, the three-dimen-
sional equilibrium equations are
rðkÞxy;y þ rðkÞxz;z þ rðkþ1Þx ¼ 0;
rðkÞy;y þ rðkÞyz;z þ rðkþ1Þxy ¼ 0;
rðkÞyz;y þ rðkÞz;z þ rðkþ1Þxz ¼ 0;
k ¼ 1; . . . ;M; ð35Þ
with r(M+1) = 0. These are the same equations used by Love (1920)
for the solution of a tip-loaded cantilever, and a beam subject to
gravity load. Here, the next highest-order terms in the expansion
appear as body forces for the current equilibrium equations. For
the kth coefﬁcient, the body force is equivalent to
bðkÞ ¼
rðkþ1Þx
rðkþ1Þxy
rðkþ1Þxz
264
375:
Using the expressions for the strain (33) in conjunction with the
constitutive relationship (1) and the equilibrium Eqs. (35) results
in 3M partial differential equations for the displacements U(k).
The next task is to determine equations that can be used to deter-
mine the values of c(k).
At this point, we use the property that the fundamental states
are statically determinate. As a result, the moment equilibrium
Eqs. (9) can be integrated to obtain the stress moment distribution
in the beam. Furthermore, we limit the load-dependent fundamen-
tal states to loads that are polynomials in the x direction. (Note that
this restriction applies to the integrated pressure loads (10), but
does not apply to the distribution of the tractions across the sec-
tion.) With this additional assumption, it is always possible to ob-
tain a solution for the stress moments in the form of a polynomial,
sðxÞ ¼
XM
k¼1
xk1
ðk 1Þ! s
ðkÞ
c ; ð36Þ
where sðkÞc is the kth coefﬁcient in the polynomial. Clearly, the value
of M must be chosen such that M  1 is equal to the degree of the
polynomial stress-moment distribution (36). The primary funda-
mental states corresponding to axial force, torsion and bending mo-
ments can be determined with M = 1. The primary fundamental
states corresponding to shear require a solution with M = 2 corre-
sponding to a linearly varying bending moment and constant shear.
The load-dependent fundamental state corresponding to a distrib-
uted surface loads requires M = 3, with a quadratically varying
bending moment and linearly varying shear.
For the moments of the stress expansion (34) to match the coef-
ﬁcients of the stress moment polynomial (36), we impose the addi-
tional constraint,
LsrðkÞðy; zÞ ¼ sðkÞc ; k ¼ 1; . . . ;M: ð37Þ
These constraints represent an additional 6M equations that are
used to determine c(k).
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y  z plane, and an additional 6M constants c(k) that are required in
the displacement ﬁeld (30). These variables can be determined
from the 6M moment constraints (37) and the 3M equilibrium
Eq. (35) used in conjunction with the strain expressions (33) and
the constitutive relationship (1).
It is important to note that this system of equations can be
solved in a sequential fashion. The coefﬁcients of the highest order
k =M, U(M), and c(M), are independent of the lower order coefﬁ-
cients k <M. The k =M terms couple with the next terms,
k =M  1, U(M  1), and c(M  1), through the equivalent body-force
terms in the equilibrium Eq. (35). This sequential process contin-
ues until all the coefﬁcients, U(k), and c(k), have been determined.
This same solution technique was used by Love (1920) for isotropic
beams.
4.1. Finite-element implementation
We use a straightforward ﬁnite-element implementation of the
above equations. This implementation shares many similarities
with the approach of Dong et al. (2001). Here we pose our problem
in terms of the displacement of the beam under the action of a pre-
scribed load. Dong et al. (2001) seeks a solution in two steps: ﬁrst
obtaining the distribution of the warping displacements for axial,
bending, torsion, and shear, then obtaining the amplitudes of the
Saint-Venant solution in a second calculation. Here we employ
conventional isoparametric displacement-based elements with
bi-cubic Lagrangian shape functions in the plane for the 3M dis-
placement ﬁeld components U(k)(y,z), k = 1, . . . ,M. We write the no-
dal displacements of U(k)(y,z) in the vector d(k). It can be shown
that the constraints on the stress moments (37) arise naturally
using the principle of stationary total potential energy. We impose
the unconventional displacement boundary conditions (31) by
adding Lagrange multipliers and employ a Gauss quadrature
approximation of the constraint (31). The discrete form of the dis-
placement constraint is written as
L0d
ðkÞ ¼ 0;
where L0 is the discrete analogue of L0. We denote the Lagrange
multipliers associated with the displacement constraints as k(k).
The discrete approximation of the kth coefﬁcient of the strain
expansion (33) is written as
ðkÞ ¼ BdðkÞe þ BccðkÞ þ Budðkþ1Þe ;
where B, Bc and Bu take the nodal kth displacements, kth invariants
and k + 1th displacement and produce the pointwise strain. Here,
the subscript e has been used to denote the element displacements
from the vector d(k). The matrices B and Bu are deﬁned as follows:
B ¼
0 0 0   
0 N1;y 0   
0 0 N1;z   
0 N1;z N1;y   
N1;z 0 0   
N1;y 0 0   
2666666664
3777777775
; Bu ¼
N1 0 0   
0 0 0   
0 0 0   
0 0 0   
0 0 N1   
0 N1 0   
2666666664
3777777775
;
where Ni are the shape functions, and the comma notation has been
used for differentiation. The pattern in the matrices B and Bu, re-
peats itself for each node. The matrix Bc is given by
Bc ¼
1 z y 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 y 1 0
0 0 0 z 0 1
2666666664
3777777775
:For convenience, we introduce the element matrices in a block
matrix form as follows:
Kedd
Kecd K
e
cc
Keud K
e
uc K
e
uu
264
375 ¼ Z
Xe
BTCB
BTcCB B
T
cCBc
BTuCB B
T
uCBc B
T
uCBu
264
375dXe; ð38Þ
whereXe is the element domain. The element matrices are denoted
with a superscript e. The superscript e is omitted for the assembled
form of the matrix.
The assembled ﬁnite-element equations are:
Kdd K
T
cd L
T
0
Kcd Kcc 0
L0 0 0
264
375 d
ðkÞ
cðkÞ
kðkÞ
264
375 ¼ f
ðkÞ
f ðkÞc
0
264
375: ð39Þ
Care must be exercised when solving Eq. (39), since the matrix Kdd
is singular. This is due to the fact that no conventional Dirichlet
boundary conditions are applied to Kdd. However, the ﬁnal row of
the system of Eq. (39) imposes a constraint that removes this
singularity.
The two terms on the right hand side of Eq. (39) are
f ðkÞ ¼ f ðkÞs þ f ðkÞb  KTuddðkþ1Þ;
f ðkÞc ¼ sðkÞc  KTucdðkþ1Þ;
ð40Þ
where terms with superscripts greater than M are zero. The term fs
is the surface traction contribution to the right hand side and fc is
the right hand side for the invariants. The force vector, f ðkÞb , repre-
sents a body force associated with the k + 1th fundamental state,
deﬁned as follows:
f ðkÞb ¼ Kuddðkþ1Þ þ Kuccðkþ1Þ þ Kuudðkþ2Þ:
Note that the left hand side of Eq. (39) is the same for each coefﬁ-
cient k. Therefore, only the right hand sides (40) needs to be recom-
puted in each subsequent solution.
4.2. Relation to beam theory
In this section we outline the connection between the ﬁnite-ele-
ment approach described above and the proposed beam theory.
The computations outlined above are performed for each funda-
mental state. First, the polynomial stress resultant coefﬁcients
from Eq. (36) are determined. These polynomials are summarized
for each of the fundamental states in Fig. 2. Next, the unknowns
d(k) and c(k), k = 1 . . .M, are determined using Eq. (39). The funda-
mental state stress and strain solutions are the lowest-order terms
of the polynomial expressions for the stress in Eqs. (34) and (32),
respectively. Therefore, the fundamental states are r(1)(y,z) and
(1)(y,z) in the y–z plane.
With this deﬁnition, the strain moments of the fundamental
state can be computed using
e ¼ Lsð1Þðy; zÞ; ð41Þ
where Ls is a discrete analogue of the operator Ls computed using
Gaussian quadrature. The strain moments are required to compute
the ﬂexibility matrix E (15) and for components of the stress and
strain moment corrections in Eqs. (27) and (29), respectively.
Another key quantity required for the beam theory is the axial
warping ~u(x,y,z). The x-independent component of axial warping
is precisely U(1)(y,z) due to the imposition of the displacement mo-
ment constraint (31). The moments of the warping strain can be
evaluated using:
~e ¼ eLUð1Þðy; zÞ; ð42Þ
where eL is the discrete analogue of eL and is computed using
Gaussian quadrature. The terms ~e are required for computing the
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tion matrices Ks (23) and Cs (22), respectively.
5. Results
In this section we present results using the ﬁnite-element ap-
proach presented in Section 4, and demonstrate the modeling
capabilities of the beam theory. This section is divided into three
parts. In the ﬁrst part we compare the present beam theory results
to results obtained by Cowper (1966) for rectangular and hollow
cylindrical isotropic sections, and results obtained by Kennedy
et al. (2011) for isotropic and layered isotropic sections. In the sec-
ond part we compare the beam theory to full three-dimensional ﬁ-
nite-element results. In the last part we present a parameter study
to explore the behavior of the homogenized stiffness and the strain
moment correction matrix Cs for an angle-ply laminate.
The various cross-sections used here are shown in Fig. 3. Note
that some of the same variable names are used to refer to different
dimensions for each cross-section. The particular variable deﬁni-
tion should be clear from the context. The rectangular sections in
Fig. 3(a) and (b) have the same dimensions but have different
material distributions. The three layer isotropic section in
Fig. 3(a) is designed to model a sandwich structure. The section
has a core fraction r, and the ratio of the Young’s modulus of the
core to the face sheets is a. The four-layer beam shown in
Fig. 3(b) is composed of four orthotropic layers oriented at an an-
gles h1 through h4 with respect to the x axis. The isotropic hollow
circular section shown in Fig. 3(c) has outer radius a and inner ra-
dius b. The angle section shown in Fig. 3(d) is composed of four
orthotropic layers oriented at angles h1 through h4.
5.1. Comparison with results from the literature
In this section we compare results from the beam theory-based
ﬁnite-element approach presented above with results from the lit-Fig. 3. The section geometries used for comparison.erature for an isotropic rectangular section, the hollow isotropic
circular section (Fig. 3(c)) and the three layer section (Fig. 3(a)).
5.1.1. Rectangular section
For a rectangular section composed of a single orthotropic
material, Dharmarajan and McCutchen (1973) obtain a shear cor-
rection factors of
kxz ¼ 5Ex6Ex  mxzGxz ;
kxy ¼ 5Ex6Ex  mxyGxy ;
ð43Þ
where Ex, Gxz and Gxy are the material moduli in the beam axis and
mxz and mxy are the Poisson ratios. For an isotropic material these for-
mula simplify to Cowper’s shear correction factor (Cowper, 1966):
kxz ¼ kxy ¼ 10ð1þ mÞ12þ 11m : ð44Þ
This factor does not depend on the dimensions of the rectangular
section. Table 1 shows a comparison of the shear correction factor
obtained from Cowper’s formula (44) and ﬁnite-element based cal-
culations for a range of Poisson’s ratio m = 0.1, 0.2, 0.3 and 0.4. The
ﬁnite-element calculations were performed on a 31  31 node
mesh with 10  10 bi-cubic elements. Very good agreement was
obtained.
The torsion strain correction factor kt for an isotropic section is
kt = J/(Iy + Iz), where J is the torsional stiffness of the section. Table 1
shows a comparison between the analytic formula obtained from
Timoshenko and Goodier (1969) and the torsional strain moment
correction, computed using the present approach with the previ-
ously described mesh for a range of depth-to-width ratios b/a.
5.1.2. Hollow circular section
For a hollow, circular section, Cowper (1966) obtained a shear
correction value ofThe centroid of each section is marked with a C.
Table 1
Comparison of Cowper’s shear correction factor kxz (44) and the torsion correction
factor kt = J/(Iy + Iz), with ﬁnite-element calculations using a 31  31 node mesh with
10  10 bi-cubic elements for the rectangular section.
m kxz kxzFE
0.1 0.839694656 0.839694656
0.2 0.845070423 0.845070423
0.3 0.849673203 0.849673203
0.4 0.853658537 0.853658537
b/a kt ktFE
1 0.843477276 0.843462636
1.5 0.722815002 0.722809435
2 0.548839062 0.548836918
Table 3
Comparison of the shear correction factor and stress moment correction for the
isotropic three layer beam for a case with a = 0.1.
r kxz kxzFE M
P
MPFE
0.25 0.714966088 0.714966088 1.385478992 1.38554164
0.5 0.744974670 0.744974670 3.041345731 3.04139193
0.75 0.825732040 0.825732040 2.767575511 2.76760868
 :k 0.9
0.95 present α = 0.5present α = 0.1
present α = 0.01
α = 0.5
α = 0.1
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Comparison of Cowper’s shear correction factor for a hollow cylinder with the present
approach for a series of radius ratios. Finite-element calculations were performed on a
120  16 node mesh with 40  5 bi-cubic elements.
b/a kxz kxzFE
0.75 0.547851299 0.547851299
0.25 0.771774856 0.771776170
0.15 0.837998917 0.838010143
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Fig. 4. Comparison of the shear correction factor for the isotropic three layer beam.
Finite-element results from the present approach are compared with Eq. (46).
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three layer beam. Finite-element results from the present approach are compared
with results from Kennedy et al. (2011).kxz ¼ 6ð1þ mÞð1þm
2Þ2
ð7þ 6mÞð1þm2Þ2 þ ð20þ 12mÞm2
; ð45Þ
where m = b/a is the ratio of the inner to the outer radius. The
geometry of the hollow section is shown in Fig. 3(c). Table 2 shows
a comparison between Cowper’s formula (45) and ﬁnite-element
calculations performed on a 120  16 node mesh with 40  5 bi-cu-
bic elements.
5.1.3. Three layer beam
Next, we consider a symmetric beam composed of three isotro-
pic layers where the ratio of the Young’s modulus of the core to the
Young’s modulus of the outer layers is a. The Poisson’s ratio m is the
same in all layers. Using a plane stress assumption, the authors in
previously published work (Kennedy et al., 2011), obtained an
expression for the shear correction factor for beams of this con-
struction as a function of core fraction r, and the ratio a. The shear
correction factor in this case is,
kxz ¼ ð1þ mÞð30rðs 1Þ þ 20Þ30ð1þ mÞs ð6þ 8mÞ þ 15ð1þ mÞð1 sÞð2þ r3  3rÞ ; ð46Þ
where s = (1  (1  a)r2)/a. The authors (Kennedy et al., 2011), also
derived expressions for the load-dependent axial and moment cor-
rections that are too lengthy to report here.
Finite-element calculations were performed with a rectangular
section with a = 1 and b = 5 using a 13  61 node mesh with 4  20
bi-cubic elements. Table 3 shows a numerical comparison for the
case a = 0.1. Exact agreement was obtained for the shear correction
factor, and agreement to at least 4 digits was obtained for the
stress moment correction. Fig. 4 shows a visual comparison be-
tween the shear correction factor (46) for the three layer beam,
and the ﬁnite-element approach for a = 0.5, 0.1, 0.01, and for a
range of core ratios r between 0 and 1. Fig. 5 shows a visual com-
parison of the load-dependent moment-correction obtained by the
authors (Kennedy et al., 2011) and the present ﬁnite-element
approach.
These results are especially interesting because the current ap-
proach uses a full three-dimensional through-thickness solution,while the authors (Kennedy et al., 2011) made a plane stress
assumption. The full three-dimensional stress and strain distribu-
tions corresponding to shear and pressure loading are not constant
in the direction transverse to the x–z plane. However, the
additional contributions from the full three-dimensional solution
cancel, and the plane stress formula (46) and present approach
match.
Table 4
The representative orthotropic stiffness properties used in the ﬁnite-element
calculations. The relative stiffnesses are chosen to be representative of a graphite/
epoxy composite system.
Property Value Property Value
E1 164 GPa G12, G13 21 GPa
E2, E3 8.3 GPa G23 12 GPa
m12, m13 0.34 m23 0.21
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In this section we compare the beam theory results with calcu-
lations using a full three-dimensional ﬁnite-element model for the
angle section shown in Fig. 3(d), both for statically determinate
and statically indeterminate boundary conditions. The beam under
consideration is loaded with distributed surface tractions and end
loads that include axial force, torque, bending moments and shear
loads.
There are three main objectives in performing this study:
1. To compare the accuracy of the stress and strain reconstruction
based on beam theory assumptions to the stress and strain dis-
tribution obtained using full three-dimensional ﬁnite-element
calculations.
2. To quantify the errors introduced by neglecting both the
strain correction error, ~er , and the moments of the residual
strain, Ls~.
3. To assess the accuracy of the homogenized stiffness D, the
strain correction matrix Cs and the load-dependent corrections.
For this study, we use the angle-section geometry shown in
Fig. 3(d) with sectional dimensions a = 3/2, b = 3/4, r = 1/2, and
overall beam length L = 50. The ply angles used for this case are
h = [45,35,35,45], which is a balanced, anti-symmetric lam-
inate. The tip of the beam at x = L, is loaded with axial, bending, tor-
que and shear loads, s = [10,625,1250,50,25,12.5]  106, and a
constant traction is applied to the beam such that Pz = 1, Py = 0. The
traction is distributed on the outer surface of the section and is
only applied in the z direction with tz = 2/(p(r + b) + 4a) and
ty = 0. There is also a non-zero Px force due to the distribution of
the traction on the section. The material properties for the beam
are listed in Table 4. The relative magnitudes of the stiffnesses
properties are chosen to be representative of a high modulus
graphite/epoxy system. Note that the dimensions of the beam are
selected to facilitate three-dimensional modeling using ﬁnite-
elements and are not representative of a physical beam. UsingD
E1
¼
0:415965 0 0:0213894 0:0811495 0:0517882 0
0 0:407744 0 0 0 0:0254769
0:00488284 0 0:396857 0:00914746 0:00971687 0
0:0107402 0 0:0402207 0:157807 0:0516136 0
0:00482657 0 0:0519170 0:0318435 0:193637 0
0 0:00577706 0 0 0 0:191402
2666666664
3777777775
:smaller, more realistic ply thicknesses would increase the compu-
tational cost of the analysis, as more elements would be required
to keep the element aspect ratio within a reasonable range. Thistest case should be viewed as a convenient model for comparison
purposes.
To test different aspects of the present beam theory, we impose
two different sets of boundary conditions on the same ﬁnite-ele-
ment model. These two sets of boundary conditions result in two
separate ﬁnite-element problems, which we denote B1 and B2.
The boundary conditions for case B1 are statically determinate.
All displacements at the beam root, x = 0, are completely ﬁxed,
while the displacements at the tip, x = L, remain free. The boundary
conditions for case B2 are statically indeterminate. In this case, the
beam root is completely ﬁxed, while at the tip only the axial dis-
placement u = 0 is ﬁxed. For case B2, the axial force and bending
moments at the tip are not applied.
To model the beam using three-dimensional ﬁnite-elements,
we use a mesh with 289  97  25 nodes, where the three dimen-
sions are the x-direction, the direction along the contour of the sec-
tion, and through the thickness, respectively. This results in a
problem with 2,102,475 degrees of freedom. We use 96  32  8
tri-cubic elements resulting in two elements through the thickness
of each ply. This large high-order ﬁnite-element model is em-
ployed to accurately model the through-section stresses and limit
the effect of discretization error. Such a large high-order ﬁnite-ele-
ment problem must be solved by a specialized ﬁnite-element code.
To solve these beam problems, we use the Toolkit for the Analysis
of Composite Structures (TACS) (Kennedy and Martins, 2010), a
parallel ﬁnite-element code specially designed for the analysis of
composite structures. We solve these beam problems using 48 pro-
cessors. The total solution time is approximately 10 min of wall
time corresponding to 8 h of CPU time.
To model the beam described above using the present beam
theory, we employ a fundamental state analysis with a sectional
nodal mesh of 97  25 nodes along the contour of the section
and through the thickness, with a 32  8 bi-cubic element mesh.
This problem contains 7287 degrees of freedom for the section,
including nodal degrees of freedom, invariants, and the Lagrange
multipliers. For the beam analysis, we use 96, displacement-based,
Timoshenko-type cubic elements along the length of the beam.
These elements have been modiﬁed to use load-dependent strain
and stress moment corrections and to accept the non-symmetric
stiffness relationship. All beam theory computations, including
the determination of the fundamental states and solution of the
beam problem, take less than 15 s on a desktop computer with a
single processor. This is a vast difference in computation effort:
the full three-dimensional problem requires approximately 1920
times more computational effort compared to the beam theory
calculations.
For the angle section described above, the homogenized stiff-
ness matrix D, normalized by the Young’s modulus E1 is,Note that the y components of bending jy and shear exz are decou-
pled. This decoupling is due both to the geometry of the section and
the layup of the beam. The strain correction matrix Cs is,
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:
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and bending and the z component of shear and torsion.
The strain moment correction eð1ÞFL and stress-moment correc-
tion sð1ÞFL are,
eð1ÞFL ¼ ½0 0 0 0 0 4:47333376 106 T ;
sð1ÞFL
E1
¼ ½0 7:12433 104 0 0 0 3:87965 104 T :
While the stress and strain moment corrections are small in magni-
tude, ignoring these terms produces measurable errors when the
beam theory calculations are compared with ﬁnite-element results.
5.2.1. Statically determinate beam
In this section we examine the results from the problem B1.
Since this case is statically determinate, the stress moments can
be determined from the equilibrium Eqs. (9) alone. Therefore, the
results in this section must be interpreted from the point of view
of known stress resultants, but unknown strain moments.
First, we examine the accuracy of the stress and strain recon-
struction from Eq. (11). Instead of plotting the error in each of
the 12 components of stress and strain, we use the following quan-
tity to concisely present a single error measure per unit length of
the beam:
DSErelðxÞ ¼
R
X
~3D  ~r3DdXR
X 3D  r3DdX
: ð47Þ
In the above equation, r3D and 3D are the stress and strain solu-
tions from the three-dimensional ﬁnite-element problem, while
~r3D and ~3D are the differences between the three-dimensionalx
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Fig. 6. The integrated strain energy of the difference between the beam theory
reconstruction and the three-dimensional, ﬁnite-element solution. The results
show excellent agreement away from the ends of the beam.solution and the beam theory reconstruction, and therefore repre-
sent approximations of the true stress and strain residuals, ~r and
~, in Eq. (11). The quantity DSErel is the strain energy of the differ-
ence between the beam theory and the full three-dimensional solu-
tion, per unit length of the beam, normalized by the sectional strain
energy at the current x position. An error in one component of the
stress and strain produces a measurable error in DSErel. As a result,
DSErel shows the accuracy of all components of the stress and strain
reconstruction.x
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DSErel is largest at the ends of the beam and decreases rapidly to-
wards the center of the beam. This result demonstrates the high
degree of accuracy of the stress and strain reconstruction just a
few thicknesses away from the ends of the beam.
Next, we compare the strain moments computed from the full
three-dimensional theory to those computed using the beam the-
ory. This study tests how accurately the strain moments can be
determined from the known stress moments. The accuracy of the
strain moments, in turn, depends on the accuracy of the ﬂexibility
matrix E (15) and the load-dependent strain corrections (29).
Fig. 7(a) shows a comparison of the ex, jz and jy components of
the strain moments between the beam theory and three-dimen-
sional ﬁnite-element results. The relative error between beam the-
ory and three-dimensional ﬁnite-element results for the ex, jz and
jy components are shown in Fig. 7(b), where each variable is nor-
malized by the maximum absolute value of the corresponding
strain moment over the length of the beam. Fig. 8(a) shows a com-
parison between the et, exz and exy components of the strain mo-
ments for the beam theory and three-dimensional ﬁnite-element
results. Fig. 8(b) shows the relative error between the beam theory
and the three-dimensional ﬁnite-element results, normalized byX
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Fig. 8. The last three components of the strain moments and the relative error
between the beam theory prediction and the full three-dimensional calculations.
The relative error is deﬁned as erel = je  e3Dj/max(je3Dj).the maximum absolute value of the strain moment component
over the length of the beam. The strain moment comparisons in
Figs. 7 and 8 demonstrate agreement to a relative tolerance of
106 between the full three-dimensional ﬁnite-element results
and the present beam theory, over the middle portion of the beam.
The differences near the ends of the beam cannot be predicted
without recourse to full three-dimensional calculations.
Moments of the strain residuals. One of the key assumptions in
the beam theory presented above is that the moments of the resid-
ual strains, Ls~ are small. Here we test this assumption using the
full three-dimensional ﬁnite-element solution to problem B1. To
evaluate Ls~we ﬁrst use the beam theory to determine the ﬂexibil-
ity matrix E and the strain moment contributions from the exter-
nally applied loads:x
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quantities are computed from a combination of the ﬁnite-element solution and the
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where Pz = 1 is the magnitude of the applied load and Ls is the dis-
crete analogue of Ls. Based on Eq. (16), the discrete analogue of Ls~
can be determined using
Ls~j3D ¼ Ls3D  ELsr3D  eP; ð48Þ
where the 3D and r3D are the three-dimensional ﬁnite-element
stress and strain ﬁelds, respectively.
Fig. 9 shows the ex, kz and exz components of Ls~j3D normalized
by the maximum absolute value of the strain moment component
over the domain. The remaining components of the moments of
the residual strain exhibit similar behavior. At the edges of the
beam the contribution of the moments of the strain residuals are
signiﬁcant, however their inﬂuence decreases rapidly away from
the ends of the beam. Note that in Fig. 9 the oscillations at the cen-
ter of the beam in the ex and exz components are due to the ﬁnite
precision of the ﬁnite-element solutions. In these regions, the mo-
ments of the strain residuals are essentially zero.
Strain correction error. The strain correction error ~er from Eq.
(25) represents the difference between the actual strain moments
and the corrected strain moments. Here, we examine an approxi-
mation of the strain correction error obtained from the full
three-dimensional ﬁnite-element solution of problem B1. This case
veriﬁes the accuracy of the correction ﬂexibility matrix eE and the
load-dependent strain correction contribution eL~uðkÞFL terms. Note
that no correction is required for the strain moments ex, jz and
jy, so here we examine the behavior of the components et, exz
and exy.
In order to obtain an approximation of ~er , we ﬁrst compute the
ﬂexibility correction matrix eE (20) and the load-dependent strain
correction eLUð1ÞFL using the present beam theory. Rearranging Eq.
(25), we obtain,
~er j3D ¼ Ls3D  ALu03D  eELsr3D  PzeLUð1ÞFL ðy; zÞ; ð49Þ
where ~erj3D is the ﬁnite-element approximation of ~er . Here, u03D is
the ﬁnite-element approximation of the normalized strain mo-
ments u0(x) and 3D is the ﬁnite-element strain distribution.
Instead of plotting ~er j3D directly, we plot the relative values in
Fig. 10, normalized by the maximum absolute value of the strain
moment along the length of the beam. The results shown inFig. 10 are similar in many respects to the moments of the strain
residuals shown in Fig. 9. The strain correction error is greatest
near the ends of the beam and quickly decays towards the middle
of the beam. The largest relative error is in the exy component of
the relative strain correction error, however all components fall be-
low 105 over the center portion of the beam. This suggests that it
is reasonable to neglect ~er at a sufﬁcient distance from the ends of
the beam.
5.2.2. Statically indeterminate beam
In this section, we examine the results from the statically inde-
terminate case B2. This case demonstrates the overall capabilities
of the beam theory and quantiﬁes the errors introduced by neglect-
ing both the strain correction error ~er , and the moments of the
strain residual Ls~.
Fig. 11 shows the strain-energy based error measure (47) for the
statically indeterminate beam problem. The error measure de-
creases rapidly away from the ends of the beam, but only falls to
between 104 and 105 over the center portion of the beam.
Clearly, the beam theory reconstruction and the ﬁnite-element
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B1. This small error in DSErel is due to an error in the prediction
of the stress and strain moments due to neglecting the contribu-
tions ~er and Ls~.
Fig. 12(a) shows a comparison between the beam theory results
and the three-dimensional ﬁnite-element results for the strain mo-
ment components ex, jz and jy. The results match closely to plot-
ting precision. However, Fig. 12(b) shows the relative error
between the beam theory and the ﬁnite-element results normal-
ized by the maximum absolute value of each component of the
strain moment over the length of the beam. This relative error de-
creases away from the ends of the beam but reaches a constant va-
lue over the middle portion of the beam. Fig. 13 shows similar
behavior for the et, exz and exy components of the strain moments.
Based on the previous results for the statically determinate beam
that were used to verify the present approach, we can conclude
that these errors must be a product of the assumptions that both
the moments of the strain residuals and the strain correction error
can be neglected. The result of the violation of these assumptions
near the end of the beam produces a small but measurable errorbetween the beam theory and the three-dimensional results. The
largest relative error occurs for ex and is roughly 2%.
Fig. 14 shows a comparison of the volumetric strain for the
three-dimensional and beam theory solutions at the middle of
the beam, x = 25. While there are some small differences between
the beam theory and full three-dimensional solution resulting in
non-zero DSErel, these differences are not signiﬁcant from an engi-
neering perspective.
5.3. Angle-ply study
Next, we examine the behavior of the homogenized stiffness
matrix D, and the strain correction matrix Cs for a four ply rectan-
gular beam with a = 4, b = 2, and with an angle-ply layup:
[h,h,h,h]. Here we use the material properties listed in Table (4).
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In this case, D has non-zero components along the diagonal and
off-diagonal components at D41, D14, D62, D26 and D35. The strain
correction matrix Cs has non-zero diagonal components with addi-
tional off-diagonal components Cs41 and Cs62. Fig. 15 shows the var-
iation of the D44, D55 and D66 with respect to ply angles in the range
h = 0 to 90, normalized by the shear modulus G12. D44, D55 and
D66 represent the torsional, shear, and transverse shear compo-
nents of the homogenized stiffness matrix, respectively. The
homogenized values all start from the value G12 at h = 0. The com-
ponent D66 increases from G12 to a maximum at 45 and returning
to a value of G12 at h = 90. The transverse shear component D55
reaches the value G23 at h = 90. The torsional component D44 takes
an intermediate value between G12 and G23 at h = 90. Fig. 16 shows
the off-diagonal components of the homogenized stiffness D41, D14,D62, D26 and D35. It is important to note that the off-diagonal stiff-
nesses are of similar magnitude to the diagonal stiffness.
Fig. 17 shows the variation of the diagonal components of Cs
corresponding to shear, transverse shear, and torsion. The strain
moment corrections for the shear and transverse shear take on val-
ues between about 0.83 and 0.89. The shear strain correction for
torsion takes on much lower values between about 0.55 and
0.68. At h = 0 and h = 90, the beam is orthotropic, the matrix Cs
is diagonal, and the shear correction factors match the formula
(43) derived by Dharmarajan and McCutchen (1973). Fig. 18 shows
the off-diagonal components of the strain correction matrix Cs as a
function of h. The non-zero components Cs41 and Cs62 represent a
coupling between axial strain and torsional strain, and bending
about the y-axis and transverse shear. These values are between
0 to 18% of the strain corrections applied to the diagonal
components.6. Conclusions
In this paper we presented a homogenization-based theory for
three-dimensional beams. The theory uses a kinematic description
of the beam based on normalized displacement moments. The
stress and strain distribution in the beam is approximated based
on a linear combination of a hierarchy of axially-invariant stress
and strain solutions called the fundamental states. The fundamen-
tal state solutions are used to construct a constitutive relationship
between moments of stress and moments strain. The fundamental
states are also used to determine a strain correction matrix that
modiﬁes the strain moments predicted by the normalized dis-
placement moments. For isotropic beams with symmetric cross-
sections, the present beam theory takes the form of classical Tim-
oshenko beam theory with additional load-dependent stress and
strain corrections. For arbitrary, anisotropic sections, the homoge-
nized stiffness matrix becomes fully populated and all components
of the stress resultants are coupled.
In addition, we presented a ﬁnite-element based method for the
calculation of the fundamental state solutions, and veriﬁed this ap-
proach with three-dimensional ﬁnite-element calculations. We
demonstrated excellent agreement between the stress and strain
distributions for statically determinate and statically indetermi-
nate problems, achieving extremely high accuracy away from the
G.J. Kennedy, J.R.R.A. Martins / International Journal of Solids and Structures 49 (2012) 54–72 71ends of the beam. For statically determinate problems, the relative
error of all strain moment components at the center of the beam
was less than 106, while for the statically indeterminate beam,
the maximum relative error was 102. The larger error for the stat-
ically indeterminate case was attributed to the moments of the
strain residuals and the strain correction error. Despite this error,
the stress and strain reconstruction remains sufﬁciently accurate
for engineering purposes. In addition, the ﬁnite-element based
beam theory calculations required three orders of magnitude less
computational time compared to three-dimensional ﬁnite-element
computations. These characteristics make the beam theory an
attractive approach for accurate through-thickness stress and
strain prediction in composite beams.Acknowledgments
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